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$\lambda_{0}$ orbit creating $\lambda_{0}$
orbit annihilating $\lambda_{0}$
neutral
$\{f_{\lambda}\}_{\Lambda}$ monotone increasing (resp. decreasing)
neutral orbit creating (resp. annihilating)
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non-monotone orbit creating orbit annihilating
$\lambda$ $\lambda_{0}$ anti-monotone
$\lambda_{0}$ orbit creating orbit annihilating
anti-monotone – anti-monotone
anti-monotonicity dissipative planar diffeomorphisms
1 homclinic hete-








In any neighborhood of a $nondegenerate_{f}$ homoclinic-tangency parameter value of a
one-parameter family of dissipative $C^{3}$ diffeomorphisms of the plane, there must be
both infinitely many orbit-creation and infinitely many orbit-annihilation parameter
values.
$H_{\lambda}=$
1 $\{f_{\lambda}\}$ anti-monotone Jonassenn $([\mathrm{J}\mathrm{o}\mathrm{n}\mathrm{a}93])$
: $\beta$-lift 2
$F_{\beta,\lambda}=(f_{\lambda}(X)X+\beta y)$ $0<|\beta|<1$
$\{f_{\lambda}\}$ non-degenerate homoclinic orbit \beta -lift $F_{\beta,\lambda}$ transver-
$\mathrm{s}\mathrm{a}\mathrm{l}$ homoclinic point $\circ\beta$-lift transversal homoclinic point




$\{F_{\beta_{\text{ }},\lambda}\}$ non-degenerate, homoclinic-tangency parameter
Antimonotonicity Theorem $\vee C_{\dot{\text{ }}}$ a.nti-monotone anti-
monotone Newhouse interval $\betaarrow 0$
$0$ $\{f_{\lambda}\}$ anti-monotone Newhouse
interval $\{f_{\lambda}\}$
Milnor and Thurston, Doudy and Hubbard $([\mathrm{M}\mathrm{T}88],[\mathrm{D}\mathrm{H}85])$ Teichmiiller
$\{f_{\lambda}(x)=\lambda x(1-x) ; \lambda\in[1,4]\}$ monotone







Figure 1: One-way pitchfork in the lo- Figure $z$ : Dorn-ways $\mathrm{p}_{\mathrm{l}\mathrm{t}\mathrm{C}}\mathrm{n}\iota \mathrm{o}\mathrm{r}\mathrm{K}\mathrm{S}$ $\ln$
gistic family. $\{\lambda x(1-x)\},$ $(1\leq m\leq 4)$ . quadratic rational maps. $\{m(\frac{1}{5}+\frac{x}{1+x^{2}})\}$ .
2 $f(x)$ 1 $\{mf(X)\}_{\mathrm{z}}n$
$f$ $([\mathrm{F}\mathrm{N}95])$ ( 2
) 2
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Section 3 $\{m(r+\frac{x}{1+x^{2}})\}_{m}$ ( $r$ fixed)
H. E. Nusse and J. A. Yorke (p.329 in [NY88])
“ If it is written in our form, $i.e.,$ $m[b_{0}+a0^{\frac{x}{1+x^{2}}]}$ , by fixing the ratio of $a$ and
$b$, it apparently does not exhibit period-halving bifurcation as the parameter




$r \geq\frac{3\sqrt{3}}{8}$ ‘ $r\not\in:-$ $\{\uparrow n(r+\frac{x}{1+x^{2}})\}$
, -m
– $\text{ _{ } _{ } }4_{\mathrm{L}}^{\mathrm{g}}\frac{3\sqrt{3}}{8}$
. $r< \frac{3\sqrt{3}}{8}$ $\{\uparrow n(r+\frac{x}{1+x^{2}})\}$
”
$\not\in.$: $r=0$ $\{m(\frac{x}{1+x^{2}}.)\}$ $.\text{ }$




$\overline{\mathrm{C}}$ Riemann sphere $\mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{C})$ –C 2
$\mathrm{P}\mathrm{S}\mathrm{L}_{2}(\mathrm{C})$ $\mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{C})$ :
$g\circ f\circ g^{-1}\in \mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{C})$ for $g\in \mathrm{P}\mathrm{S}\mathrm{L}_{2}(\mathrm{C}),$ $f\in \mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{C})$ .
2 $f1,$ $f_{2}\in$
.
$\mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{c})$ holomorphically conjugate $g\circ f1^{\circ}g^{-1}=$
$g\in \mathrm{P}\mathrm{S}\mathrm{L}_{2}(\mathrm{C})$ $f1\sim f_{2}$
$\mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{C})$ $\mathcal{M}_{2}(\mathrm{C})$ 2 $f$ $\langle f\rangle$ moduli space
$f\in \mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{C})$ $Z_{1},$ $Z_{2},$ $Z3$ $\mu_{i}=f’(z_{i})$
\mbox{\boldmath $\sigma$}1 $=\mu_{1}+\mu_{2}+\mu_{3}$ , $\sigma_{2}=\mu_{1}\mu_{2}+\mu_{2}\mu_{3}+\mu_{3}\mu_{1}$ , $\sigma_{3}=\mu_{1}\mu_{2}\mu_{3}$ . $0$
$\sigma_{3}=\sigma_{1}-2$ Milnor(Lemma 3.1 in [Mi192]) $\mathcal{M}_{2}(\mathrm{C})$
$(\sigma_{1}\sigma_{2})$ $\mathcal{M}_{2}(\mathrm{C})$
$\mathrm{C}^{2}$ – $\mathcal{M}_{2}(\mathrm{C})$
$\mathrm{C}\mathrm{P}^{2}$ ideal point 2
1
$f$ $\mathrm{A}\mathrm{u}\mathrm{t}(f).\subset \mathrm{P}\mathrm{S}\mathrm{L}_{2}(\mathrm{C}\sim)$ $g\circ f\circ g^{-1}=f$ $g\in \mathrm{P}\mathrm{S}\mathrm{L}_{2}(\mathrm{C})\backslash$
$\tilde{f}\in\langle f\rangle$ f Aut $(\tilde{f})$ $\mathrm{A}_{\mathrm{U}\mathrm{t}}(f)$
$\langle f\rangle$
$\mathrm{b}\mathrm{f}$ symmetry locus $S(\subset \mathcal{M}_{2}(\mathrm{C}))$
$\mu\in$ C. $\mathrm{p}_{\mathrm{e}\mathrm{r}_{n}}(\mu)\subset \mathcal{M}_{2}(\mathrm{C})$ \mu $\mathrm{n}$
$f$ $\langle f\rangle$
$\mathrm{P}\mathrm{e}1_{n}^{\backslash }(\mu)=\{\langle f\rangle\in \mathcal{M}_{2}(\mathrm{C});f^{n}(z)=Z, (f^{n})’(z)=\mu\}$ .
1 2 $\mathrm{p}\mathrm{e}\mathrm{r}_{1}(\mu),$ $\mathrm{p}_{\mathrm{e}}\mathrm{r}_{2}(\mu)$ (Lemma 34and Lemma 36
in [Mi192] $)$ :
$\mathrm{P}\mathrm{e}\Gamma_{1}(\mu)$ $=$ $\{\langle f\rangle\in \mathcal{M}_{2}(\mathrm{C});\sigma_{2}=(\mu+\mu^{-}1)\sigma 1^{-(}\mu^{2}.+2\mu^{-1})\}$
$\mathrm{p}_{\mathrm{e}\mathrm{r}_{2}}(\mu)$ $=$ $\{\langle f\rangle\in \mathcal{M}_{2}(\mathrm{c});\sigma 2=-2\sigma_{1}+\mu\}$ .
Symmetry locus $S$ 3
$([\mathrm{F}\mathrm{N}98]).$.




$\mathrm{o}$ M. Rees $([\mathrm{R}\mathrm{e}\mathrm{e}90])$ 4
:
Type $\mathrm{B}$ : Bitransitive. Each of the two critical points belongs to the immediate
basin of some attracting periodic point, where these two periodic points are
distinct but belong to the some orbit. Evidently the period must be two or
more.
Type $\mathrm{C}$ : Capture. Only one critical point belongs to the immediate basin on a pe-
riodic point, but the orbit of the other critical point eventually falls into this
immediate basin. Again the period must be two or more.
Type $\mathrm{D}$ : Disjoint attractors. The two critical points belong to the attracting basins
for two disjoint attracting periodic orbits.




1 2 \mbox{\boldmath $\sigma$}, $(1 \leq i\leq 3)$
J.Milnor $\mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{R})$ $\mathcal{M}_{2}(\mathrm{R})$
$(\sigma_{1_{\ovalbox{\tt\small REJECT}}}.\sigma_{2})-$ $\mathcal{M}_{2}(\mathrm{R})$ ” ”
: $s_{\mathrm{R}}=S\cap\lambda 4_{2}(\mathrm{R})$ , $<>_{\mathrm{R}}$ $\mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{R})$ $\mathrm{P}\mathrm{S}\mathrm{L}_{2}(\mathrm{R})$
$( \mathrm{R}\mathrm{a}\mathrm{t}_{2}(\mathrm{R})/^{\mathrm{p}}\mathrm{s}\mathrm{L}2(\mathrm{R}))\backslash \{\langle a(x+\frac{1}{x})\rangle_{\mathrm{R}}. \langle a(x-\frac{1}{x})\rangle_{\mathrm{R}\in \mathrm{R}}\}\cross a$






[Mi192] $\mathcal{M}_{2}(\mathrm{R})$ $\mathrm{B},$ $\mathrm{C},$ $\mathrm{D},$ $\mathrm{E}$
(escape locus)
22.1 (Type D)
2 (TyPe D) $D_{1,1}$
$D_{1,1}=\{(\sigma_{1}, \sigma 2);-2\sigma_{1}+1<\sigma_{2}<2\sigma_{1}-3\}$ .
131
(Type D) $D_{1,2}$
$D_{1,2}=\{(\sigma 1, \sigma 2);-2\sigma 1^{-1}<\sigma_{2}<-2\sigma_{1}+1, \sigma 2<2\sigma 1-3\}$ .
disjoint $\{\sigma_{1}<-6\}$ (P.42 of [Mi192])
22.2 (Type E)
$\mathcal{M}_{2}(\mathrm{C})$ (Type E) 2
: $E_{1^{\text{ }}}$ $E_{2}$ $E_{1}$
(Caption of Figure 16 in [Mi192])




$\{(\sigma_{1}, \sigma 2);-2\sigma 1-1<\sigma_{2}<-2\sigma_{1}+1, \sigma_{1}>-6, \sigma_{2}>2\sigma_{1}-.3\}$ .
$\mathrm{P}\mathrm{e}\mathrm{r}_{2^{-}}\mathrm{b}\mathrm{e}\mathrm{n}\mathrm{d}$ type $\mathrm{B}$ type $\mathrm{C}$ 2 critical
orbits
2.24 3
$n=1,2$ $\mathrm{P}\mathrm{e}\mathrm{r}_{n}(\mu)$ \mu $=1$ $\mathrm{P}\mathrm{e}\mathrm{r}_{2}(1)=$
$\mathrm{P}\mathrm{e}\mathrm{r}_{1}(-1)$ 3 :
$\mathrm{P}\mathrm{e}\mathrm{r}_{1}(1)$ : $\sigma_{2}=2\sigma_{1}-3$ (2)
$\mathrm{P}\mathrm{e}\mathrm{r}_{1}(-1)$ : $\sigma_{2}=-.2\sigma_{1}+1$ . (.3)
$\mathrm{P}\mathrm{e}\mathrm{r}_{2}(-1)$ : $\sigma_{2}=-2\sigma_{1}-1$ (4)
$E_{1}$ , DI.\acute I,D1,2 $\mathrm{P}\mathrm{e}\mathrm{r}_{2}$ -bend
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3 2
M. Bier and T. C. Bountis [BB84] H. E. Nusse and






Schwarzian derivative: $Sf=f”’(X)/f’(x)- \frac{3}{2}(f’’(X)/f’(x))^{2}$
$f_{m,r}$ Schwarzian derivative
regular period-doubling regular period-halving bifurcations 1“
1 (see [FN98]) $r$ . 1 $\{f_{m},,(x)\}_{m}$
$\mathcal{M}_{2}(\mathrm{R})$ $\mathcal{H}$, – $r( \neq\frac{1}{2},0)$
4 $\mathcal{H}$, :
$H,(\sigma_{1}, \sigma_{2})$ $=$ $-r^{2}\sigma_{1}^{4}+(8r^{2}-2)\sigma_{1}^{3}+((8r^{2}-1)\sigma_{2}-128r4+8r^{2}+1)\sigma_{1}^{2}$
$+((-32r^{2}+8)\sigma_{2}+512r^{4}-96r2-12)\sigma_{1}+(-16.r^{2}+4)\sigma_{2}^{2}$
$+(512r^{4}-96r^{2} - 12)\sigma_{2}-4096r^{6}+15.36r^{4}-144r^{2}+36=0$ . (5)
$r= \frac{1}{2}$ 3 $\mathcal{H}_{1/2}$ :
$H_{\frac{1}{2}}(\sigma_{1}, \sigma_{2})=-\sigma_{1}^{3}-2\sigma_{\mathrm{i}}^{2}+(4\sigma_{2}-24)\sigma_{1}+8\sigma_{2}-64=0$. (6)
$r=0$ $\mathcal{H}_{0}$ :




$\mathrm{J}$ . Milnor $([\mathrm{M}\mathrm{i}192])$ :symmetry locas $S$
$S= \{\langle k(z+\frac{1}{z})\rangle;k\in \mathrm{C}\backslash \{0\}\}$ .
$r,$ $m,$ $\sigma_{1},$ $\sigma_{2}$ $\mathrm{R}$ $\mathrm{C}$ $S=\{\langle f_{m,0}\rangle;m\in \mathrm{C}\backslash \{0\}\}$ .




1 (see [FN98]) $r=0.58$ $\{fm,0.58\}$ period-doubling $\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{o}\mathrm{d}-- \mathrm{h}\mathrm{a}1_{\mathrm{V}}\mathrm{i}\mathrm{n}\mathrm{g}$
bifurcations 3 3 $H_{0.58}=0$
4
primary bubbling bifurcation $([\mathrm{B}\mathrm{B}84])$
2 (see [FN98]) $r \text{ }\frac{3\sqrt{3}}{8}\leq$ . $\{f_{?n,r}\}$
$\frac{3\sqrt{3}}{8}$ : $r< \frac{3\sqrt{3}}{8}$
$\{7n(r+\frac{x}{1+x^{2}}).\}$
2 anti-monotone $r=0.54$ (
5) ( 6)
134
Figure 3: The curve $H_{0.58}=0$ together
with the bifurcation lines. $-8<\sigma_{1}<8_{\}}$
$-10<\sigma_{\underline{9}}<20$ .
Figure 4: Period-bubbling bifurcation
diagra $\mathrm{n}1$ corresponding to $H_{0.58}$ . $-10\leq$
$m\leq 1,$ $-^{\underline{\eta}}\leq x\leq 0.2$ .
Figure 5: The curve $H_{0.54}=0$ together Figure 6: Bifurcation diagram corre-
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